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Introduction

HE problem of trajectory optimization for solar-sail spacecraft

with an ideal force model has been frequently addressed in the
literature. Zhukov and Lebedev! used the calculus of variations to
find optimal solar-sail trajectories for circular, coplanar orbits. Us-
ing the same approach, the results have been generalized by Sauer,’
including inclined, elliptic orbits for the launch and target plan-
ets. Other contributions are given by Wood et al.,> Subba Rao and
Ramanan,* and Simon and Zakharov.”> Each of the preceding papers
assumes a perfectly reflecting solar sail and a corresponding thrust
force that is normal to the sail surface. Nonideal sails have been
seldom considered. Some results have been marginally presented
by Sauer® during a study for a Halley’s comet rendezvous mission.
Cichan and Melton’ studied optimal nonideal solar-sail trajectories
including the effects of imperfect reflectivity and sail billowing. In
their work, a direct optimization method is used to solve the prob-
lem, and only circular and coplanar orbits are investigated. Very
recently, Colasurdo and Casalino® proposed an indirect approach to
minimize the trip time of interplanetary missions. However, their
analysis is confined to a bidimensional problem, and a flat sail with
a simplified optical model is considered. Also, circular orbits are
assumed for the planets.

In this Note an optical and a parametric solar-sail force model are
investigated. The force exerted on a nonperfect solar sail is mod-
eled considering reflection, absorption, and reradiation by the sail.
Also, the billowing of the sail under load is taken into account. A
three-dimensional problem is studied with elliptical and not copla-
nar orbits. The analysis presented here follows that by Sauer,> who
considered ideal sails, and the results are extended to the nonideal
case. A solution to the optimal control law is found using the calcu-
lus of variations and a link between the control laws and the main
parameters that define the sail film optical properties, and the sail
shape is established.
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Equations of Motion

The equations of motion for a spacecraft in a heliocentric inertial
frame 75 (x, y, z) are

)
2

F=v
b= (o)) +a

where [rl7, =[ry, ry, ;1" and [v]l7, =[vs, vy, v;]” are the space-
craft position and velocity relative to 7, and a is the acceleration
caused by the solar radiation pressure. Let ’Z;rbA (Xorbs Yorbs Zorb) be
an orbital frame whose unit vectors are o, =F, jor, and Ko, Where
F=r/r is the unit vector in the direction of the incident radiation
from the sun. Assume that the plane z,, = 0 contains the axis z of
the 7, frame and y, points towards the ecliptic pole. In Fig. 1,
7 is the unit vector normal to the sail in the direction of thrust,
o € [0, /2] is the sail cone angle, and § € [, 7] is the sail clock
angle, which is positive in the counterclockwise direction. Different
models are available to quantify the acceleration a of the solar sail.
In the following we distinguish® between optical (subscript o) and
parametric (subscript p) models.

Optical-Force Model

Let s be the fraction of photons that are specularly reflected by
the sail, By and B, are the non-Lambertian coefficients of the front
and back sail surfaces, €g and €, the corresponding front and back
emissivities, and p < 1 the reflection coefficient. The acceleration
a, of the solar sail can be written as’

a, =(8/2) (;L@/rz) [b1 cosa, I+ (bz cos’ o, + b3 cos oz(,)ﬁa] 3)

where g is the solar-sail lightness number and

b, 2 1 — ps, b, éZps (€]
By — €, B,
by = By p(1 = 9) + (1 — p) ————= )
€+ €
The components of the control vector u,, are
[1,]7,,, = [, 851" (6)
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Fig. 1 Reference frames.
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Parametric-Force Model

This exact force model is obtained by calculating the sail shape
and numerically integrating the radiation pressure across the bil-
lowed sail.” The modulus of the force f, = ||f, || is parameterized as
a function of the force cone angle 6, between the incoming radiation
and the direction of the force unit vector, that is,

cos@l,éf'-fp (N
The following model for the acceleration is assumed:

a,=(B/2) (1o r?) (b + by + b3)(c; cos* , + ¢ cos? 6, +¢3)

®)
where 0, € [0, 9;], by, by, by are given by Egs. (4) and (5); ¢y, ¢3,
c3 are the parametric force coefficients; and 0; is value of 6, that

makes the modulus of @, equal to zero, that is,

\/—cz + w/c% —4cics
26‘1

®

*
cost, =

Note that Eq. (8) is equivalent to the model presented in Ref. 9, but
a different definition of coefficients ¢; has been adopted in order to
obtain a compact expression for 6. Also, the components of the
control vector u, are

[up]'ﬂ,,b = [eps ap]T (10)

Optimal Control Law

The problem is to find the optimal control law u(z) (where
t €[0, t7]), which minimizes the time ¢; necessary to transfer the
spacecraft from an initial (r, vo) to a final (r,, v ;) prescribed state.
This amounts to maximizing the performance index:

J=—ty 11
From Egs. (1) and (2) the Hamiltonian of the system is

H=/\,-v—(,u,@/r3)/\v-r+)\uoa (12)

where A, = [Ares Arys Ar IT and A, ) v s Avys Ao, 1T are the vectors
adjoint to the position and the velocity, respectively. Recall that X,
is referred to as the primer vector.!® The orientation of A, is defined
through the primer vector cone angle 6 € [0, 7] and clock angle
sel—m, m].

In this Note the boundary conditions are constrained by the plan-
etary ephemerides.!! Accordingly,

ri=r"(y), vp=v") (13)
where ) and v are the position and velocity of the target
planet. Observing that #7(1,) =v, and v'"(1;) = — pery/r}, the

2.12

transversality condition is given by
H(tp) =1+ X (tp) vy — (o [r})Nu(ty) -1y (14)

From the Pontryagin’s maximum principle the optimal control law
u(t), to be selected in the domain of feasible controls I/, is such that,
at any time, the Hamiltonian is an absolute maximum. This amounts
to maximizing the function H’, which coincides with that portion
of the Hamiltonian H that explicitly depends on the control vector,
that is,

u = argmax H = argmax H’ with H’é)\vﬂ (15)

ueld ueld

Optical-Force Model
Substituting the acceleration equation (3) into Eq. (12), the Hamil-
tonian becomes

H,=X\, -v— (pco/r3))\vo -r+ (ﬂuo/Zrz) [b1 cosa, ()\v(, -f‘)

+ (bz cos a, + b cos a,,) ()\U” . ﬁ,,)] (16)
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and the Euler-Lagrange equations are
A, = (1o /r)A, = Buo/r) (A, - 1)r+ @r/r)(a, - Ay,)

— (Buo/2r?)[brdi (7 - Ay,) + bi cos o, ds

+dy (R, - A, ) 2y cos o, + b3) ] (17)
Ay ==X, (18)
where
&= /Dy~ G-i)F dy= (/D[N — (F- A, )] (19)
The optimal control law is found by maximizing the function
H) = (Buo [2r*)[bi cos o, (A, - ) + (b2 cos v,

+bycosa,) (A, - fi,) ] (20)

Letting 0 H, /du, = 0, provides

sina, (b1 + 3b, cos® a, + 2b3 cos ozo)

cos? o, (b cos o, + b3) — sin® a, (2b, cos o, + b3)

tanf, =

21
tan §, = tan 5,, 22)

Note, however, that a generic point («,, ég) solution of Eq. (21) is
a maximum for H, provided that H)(,, 6,) > 0. It can be verified
that

by + cosa, (b, cosa, + b3)

H >0< tanf, < — 23
o= D 1anto = sina, (b, cos o, + b3) (23)

Consider the following two functions f;(«,) and f>(c,):
H, (0, fi(at,)) =0 (24)
IH (0t fa(et5)) /B0ty =0 (25)

éol = fl (aa) :
éoz = fZ((xo) .

Substituting Eq. (23) (taken with the equal sign) into Eq. (21) pro-
vides the values of o, =« such that f; = f,. It turns out that the
unique solution in the range «, € [0, /2) is given by the critical
cone angle o);:

—byby — 2babs + /D2D2 — 4y b2b, + 8b7b2 + 4b3b,
4b,by + 2b3

*
cosa, =

(26)

As long as «, €[0, ), it happens that f, < f;, whereas when
a, € (o), mw/2), then f, > fi. This situation is illustrated in Fig. 2
for a Jet Propulsion Laboratory (JPL) square sail (ot =72.6 deg)
whose data have been derived from the Halley’s comet rendezvous
study.!314

To summarize, Eq. (21) gives the optimal sail cone angle «, as a
function of 8, and of the sail parameters by, b,, and b3, provided that
o, is in the interval [0, o} ]. Otherwise, the optimal sail cone angle is
o, = 1 /2, that is, when the sail produces no thrust [see Eq. (3)] and
H] is zero. This implies that coast arcs can appear in the optimal
trajectory of a nonideal solar sail, in accordance with the same result
that was first obtained by Sauer.® As a consequence of Eq. (22), the
unit vectors #,, 7, and X,, = X\, /A,, are coplanar. This allows one
to remove the dependence on 12, in the equations of motion [see
Egs. (2) and (3)] and in the Euler-Lagrange equations. The result is

i én_ o) A i [N ~
sin( 107 )r+ sin o for b, € (0.7)

Vo

n, = sin 6, sin 6,

for G,=0 (27

~>

where

cosf, = A, - I, sinf, = }5\,]0 X i‘} (28)
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Fig. 2 Optimum sail cone angle «, for JPL square sail with optical
force model.

Observe that 6, =7 corresponds to o, =7/2 [see Eq. (21) and
Fig. 2]. Correspondingly, all of the terms containing 7, vanish
both in the equations of motion (because a, =0) and in the Euler—
Lagrange equations. As a consequence of Egs. (27) and (3), the op-
timal control law requires the thrust vector to lie in the plane defined
by the position vector r and the primer vector A,. This generalizes
the same result found by Sauer for an ideal sail.?

Parametric-Force Model

Substituting the acceleration equation (8) into Eq. (12), the Hamil-
tonian becomes

Hy=X, v—(1o/r*) A, -+ (B/2) (1o [r*) (b + by + b3)

x (c1cos* 0, + ¢z co8” 0, + c3) (A, - f,,) (29)

and the Euler—Lagrange equations are
A, = (no /)N, = Buo /r) (A, - r)r+2(a, -

— [cos8,Brue by + by + b3) (2¢1 0526, + 2) (- A,)

A, )@/r)

x (f, — cos,#) /r’] (30)

A, ==X, 3D
The function to be maximized is

. Bbi+bytb )
H,= u(c, cos*@, + ¢y cos? 6, + c3)(fp . )\u,,)

2r2
(32)
Letting dH,/du, =0, yields
i _g 2sin6, cos, (201C0829p + cz) 3
tan(@, — 6,) =
an(®, = 6,) c1c0s* 0, + ¢ c082 6, + c3 (33)
tans, = tan$, (34)
In this case it is found that
H >0 0,<0,+m/2 35)
Consider the following two functions f1(6,) and f>(6,):
Op, = f1(0)) : H,6,, f1(6,)) =0 (36)
= f2(6,) : dH (0, f2(6,))/20, =0 (37

Substituting Eq. (35) (taken with the equal sign) into Eq. (33) pro-
vides the values of 6, such that f; = f>. It turns out that the unique
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solution in the range 6, € [0, 6] is 6, =67, where 6 is exactly the
critical cone angle that makes the solar-sail thrust equal to zero and
whose value is given by Eq. (9). Correspondingly one has

05 =05 +7/2 (38)

In other terms, as long as 6, € [0, 6) it happens that f, < fi, as is
shown in Fig. 3 for a JPL square sail (6, =61 deg).

To summarize, Eq. (33) gives the optimal sail cone angle 0, as
a function of 6, and of the sail parameters ci, ¢;, and c3, provided
that 6, is in the interval [0, 6;]. Otherwise, the optimal force cone
angle is 6, =67. Once more, coast arcs can appear in the optimal
trajectory of a parametrlc solar-sail model.

Finally, observing that the unit vectors F, Sy, and )\v = )\vp /v,
are coplanar [see Eq. (34)], the dependence on f,, in the equations of

Table 1 Optical and force coefficients for
a JPL square sail (derived from Ref. 9)

Coefficient Value
by 0.1728
by 1.6544
b3 —0.0109
c1 —0.088
1) 1.412
c3 —0.324

180

[deg]

60 @%\‘

301
H>0

0 L L L L L L
0 10 20 30 40 50 60 0 * 70

91] [deg] r

Fig. 3 Optimum force cone angle 6, for JPL square sail with para-
metric force model.
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Fig. 4 Flight times for a Mars mission with different sail force models.
The control law for the ideal sail is taken from Sauer.?
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motion and in the Euler-Lagrange equations can be removed. In fact,

in(@, — 6 ind, « . .
|90 0 ko G,e(0,.8)
fr= sin@, siné,

vp

r for 0,=0 (39
where cos ézx and sin ép are calculated from Eq. (28) by substitut-
ing 6, and X,, with 6, and X,,, respectively. Also, the direction
of the unit vector f, should not be calculated for 6, > 9; because,
in that case, 6, = 9;‘ and the sail produces no thrust. Note that, as
in the case of optical force model, the thrust vector is required to
lie in the plane defined by the position vector r and the primer
vector A,.

Case Study

The control laws described earlier have been applied to study the
heliocentric phase of a three-dimensional Mars mission of a solar
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sail with optical and parametric models. The coefficients b; and ¢;
are relative to a JPL square sail (Table 1). Both positions and veloc-
ities of the planets at departure and arrival are calculated by means
of ephemeris data. The trajectories are characterized by zero values
of hyperbolic excess speed at both endpoints. A value of solar-sail
lightness number 8 =0.1175 is assumed. (The corresponding value
of the characteristic accelerations in the ideal case is 0.7 mm/sz.)
A set of canonical units'> has been used in the integration of the
differential equations to reduce their numerical sensitivity. The dif-
ferential equations have been integrated in double precision using
a Runge—Kutta fifth-order scheme with absolute and relative errors
of 1072, The boundary-value problem associated to the variational
problem has been solved by means of a hybrid numerical technique
that combines the use of genetic algorithms'® to obtain a rough
estimate of the adjoint variables, with gradient-based and direct
methods'”'® to refine the solution. This technique allows one to
reach the solution with virtually no need of trial-and-error proce-
dures. A number of trajectories have been investigated in the time
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Fig. 5 Control angles and projection on the ecliptic plane of the solar-sail Mars trajectories (starting date 21 December 2015).
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interval ranging from September 2015 to February 2016. In all of
the simulations performed, the endpoint constraints are satisfied to
better than 1071°. A comparison of mission times as a function of
the modified Julian date is shown in Fig. 4. Simulations reveal that
nonideal sails require a considerable increase of flight time (when
compared to an ideal sail), on the order of 12-13% for an optical
model and 14-15% for a parametric model. These results are in
agreement with Dachwald,'® who investigated optimal trajectories
for nonideal solar sail using evolutionary neurocontrol. The mini-
mum transfer time (470 days) for an ideal sail is in excellent agree-
ment with the results reported by Sauer.? Note that the minimum
transfer times for the optical and parametric models (equal to 532
and 539 days, respectively) are obtained with starting dates close to
the optimal launch date for the ideal case (21 December 2015). The
corresponding time histories of control angles and trajectories are
shown in Fig. 5. Note that the control laws satisfy the constraints
o, <o, and 6, <67 defined by Egs. (26) and (9) (see also Figs. 2
and 3). Simulations with coast arcs, not shown here for space lim-
itations, have been found in some trajectories of a nonideal solar
sail. Both the transfer time and the time histories of control angles
illustrated in Fig. 5 are similar to the values obtained by Colasurdo
and Casalino® under the assumption of circular and coplanar planet
orbits.

Conclusions

Minimum time trajectories of nonideal solar sail for interplan-
etary missions have been investigated using an indirect approach.
The real shape and space orientation of both the departure and ar-
rival planetary orbits are considered. Optical- and parametric-force
models have been investigated, where the force exerted on a non-
perfect solar sail is applied, considering reflection, absorption, and
reradiation by the sail. Also, the billowing of the sail under load has
been taken into account. Using the theory of variational calculus,
the analytical expressions of the control laws that define the optimal
orientation of the sail are found. Accordingly, a link is established
between the variation intervals of the control angles and the phys-
ical parameters that define the sail behavior under the action of the
solar radiation pressure. In particular, the optimal steering law for
both optical and parametric models requires the thrust vector to lie
in the plane defined by the position vector and the primer vector.
This conclusion extends a similar result found by Sauer for an ideal
sail.?
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